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Ordering (Scotch)

• Collaboration with P. Amestoy (ENSEEIHT / 
IRIT-Toulouse).

• Ordering the unknowns aims at:

– minimizing the fill-in in the factorized matrix and the 
number of operations during factorization

– maximizing the independence of computations 
during factorization.



Ordering
• Hybrid algorithm based on incomplete Nested 

Dissection, the resulting subgraphs being ordered 
with an Approximate Minimum Degree method 

• Tight coupling 
® Size threshold to shift from Nested Dissection to 

Approximate Minimum Degree
® Partition � of the graph vertices is obtained by 

merging the partition of separators and the 
supernodes computed by block amalgamation over 
the columns of the subgraphs ordered by HAMD. 



• With Halo• Without Halo

Ordering



Ordering metrics

Name Columns NNZA Description
144 144649 1074393  3D finite element mesh 
598A      110971 741934  3D finite element mesh 
AUTO      448695 3314611  3D finite element mesh 
BCSSTK29  13992 302748  3D stiffness matrix  
BCSSTK30  28924 1007284  3D stiffness matrix  
BCSSTK31  35588 572914  3D stiffness matrix  
BCSSTK32  44609 985046  3D stiffness matrix  
BMW32   227362 5530634  3D stiffness matrix  
BMW7ST1 141347 3599160  3D stiffness matrix  
BRACK2    62631 366559  3D finite element mesh 
CRANKSEG1 52804 5280703  3D stiffness matrix  
CRANKSEG2 63838 7042510  3D stiffness matrix  
M14B      214765 3358036  3D finite element mesh 
OCEAN     143437 409593  3D finite element mesh 
OILPAN    73752 1761718  3D stiffness matrix  
ROTOR     99617 662431  3D finite element mesh 
TOOTH     78136 452591  3D finite element mesh 



Results for CP+ND+HAMD, threshold 120 
Name NNZ OPC SSb
144  4.714472e+07   5.663156e+10 1.961818e+06
598A       2.604285e+07   1.877590e+10 1.491780e+06
AUTO       2.214524e+08   4.557806e+11 6.515154e+06
BCSSTK29   1.580533e+06   3.347719e+08 3.683400e+04
BCSSTK30   4.339720e+06   1.185672e+09  6.619000e+04
BCSSTK31  4.389614e+06      1.234546e+09   1.893440e+05
BCSSTK32   5.484974e+06      1.292770e+09   1.251660e+05
BMW32    4.564966e+07      3.205625e+10  5.046610e+05
BMW7ST1  2.471148e+07      1.133335e+10   2.777360e+05
BRACK2     5.869791e+06   1.803800e+09 8.194700e+05
CRANKSEG1  3.148010e+07   3.004003e+10  1.062940e+05
CRANKSEG2  4.196821e+07      4.598694e+10   1.231160e+05
M14B       6.262970e+07   6.113363e+10 2.926878e+06
OCEAN     2.047171e+07      1.301932e+10  2.093677e+06
OILPAN    9.470356e+06      3.333825e+09   1.016020e+05
ROTOR      1.569899e+07   9.277418e+09 1.342506e+06
TOOTH      1.041380e+07   6.288746e+09 1.026880e+06



Symbolic Factorization

� � � � �� �®®®® � � � �� � � � � � � � �� �

• Symbolic block factorization

• Linear time and space 
complexities

• Data block structures 
� only a few pointers
� use of BLAS3 primitives 
for numerical computations
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Parallel factorization algorithm
• A is SPD ® factorization without pivoting
® Static regulation scheme
• The algorithm we deal with is a parallel supernodal 

version of sparse L.D.Lt with 1D/2D block 
distributions

• Block or column block computations
® block algorithms are highly cache-friendly
® BLAS3 computations

• Processors communicate using aggregate update 
blocks only

• Homogeneous & Heterogeneous architectures with 
predictable performances (SMP)
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Parallel Factorization Algorithm 
FACTOR(k): factorize diagonal block k

Factorize Akk into LkkLt
kk;

BDIV(j,k): update Ljk
Solve LkkLjk

t = At
jk;

BMOD(i,j,k): compute contribution of 
Lik for block Lij
Compute Cj=LikLjk

t;
If map(i,j) == p Then Aij = Aij – Ci;
Else AUBij=AUBij + Ci;

k

Ljk

Lik Lij

j



Parallel Factorization Algorithm

COMP1D(k): factorize column-block k and compute all 
contributions to column-block in BCol(k)
Factorize Akk into LkkLt

kk;
Solve LkkLt

* = At
*k ;

For j ÎÎÎÎ BCol(k) Do
Compute C[j]=L[j]kLjk

t;
If map([j],j) == p Then A[j]j = A[j]j – C[j];
Else AUB[j]j=AUB[j]j + C[j];



Parallel Factorization Algorithm
For n = 1 to NTp Do

Switch (type of Kp[n]) Do
COMP1D: Receive and Add all AUB[k]k into A[k]k;

COMP1D(k);
Sending_Step();

FACTOR: Receive and Add all AUBkk into Akk;
FACTOR(k); 
Send Lkk to processors in map([k], k);

BDIV: Receive Lkk & Receive and Add AUBij into Ajk;
BDIV(j,k);
Send Cj

t to processors in map([j], k);
BMOD: Receive  Ljk

t

BMOD(i,j,k);
Sending_Step();



Parallel Factorization Algorithm
• The « Sending_Step » send AUBs with a « good » 

scheduling (not necessary at the soonest) and allow 
messages vectorization

Sending_Step():
For q = 1 to P, q¹¹¹¹ p, Do
If Sq ¹¹¹¹ ÆÆÆÆThen

Eq = {AUB ÎÎÎÎ Sq / ���� (AUB) is true}
Send Eq to q; 
Sq = Sq \ Eq � �



Problems
• Computation of precedence constraints laid down 

by the factorization algorithm (elimination tree)
• Workload estimation that must take into account 

BLAS effects and communication latency
• Locality constraints between message passing 

exchanges across processors
• Concurrent task ordering for solver scheduling 
• Taking into account the extra workload due to the 

aggregation approach of the solver
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Matrix partitioning and mapping
���� Manage parallelism induced by sparsity (block 

elimination tree).
���� Split and distribute the dense blocks in order to take 

into account the potential parallelism induced by 
dense computations .

���� Use optimal block size for pipelined BLAS3 
operations.



Matrix Partitioning

Tasks Graph

Block Symbolic
Matrix

Costs Modeling
(Comp/Comm)

Number of
Processors

Mapping and 
Scheduling

Local data Tasks
Scheduling

Communication
Scheme

Parallel Factorization
and Solver

Computation Time
(estimate)

Memory Allocation
(during factorization)



Matrix partitioning and mapping
Partitioning (step 1): a variant of the proportional 

mapping techniques [A. Pothen, C. Sun 93]:

• Recursive top-down strategy on the block 
elimination tree

• Splitting of blocks where parallelism can be 
exploited ® critical block size

• Construction of candidate processor groups for 
each block in order to ensure good locality of 
communications



Matrix partitioning and mapping

1 2 3 4 5 6 7 8

1 2 3 4 5 5 6 7 8

5
1 2 3 4 5 6 7 8
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Hybrid 1D/2D mapping

• Yield 1D and 2D block distributions

• BLAS efficiency on small supernodes ® 1D
• Scalability on larger supernodes ® 2D

���� Switching criterion

1D block distribution

2D block distribution



Criterion

2D

procs

work

• Criterion applied during the splitting phase 
according to a top-down strategy
• (subtree work)/(candidate processors)

work

procs

1D



Results for a criterion based on 
candidate processor number

4 8 16 32 64
6 39,59 27,17 17,82 14,77
8 38,61 25,08 17,05 13,53

12 24,08 17,15 12,59
16 25,14 19,54 15,21
6 31,03 18,91 9,59 7,01
8 31,12 19,06 9,62 6,56

12 18,75 9,55 5,94
16 19,11 9,55 6,11
6 10,18 5,75 4,16 3,25
8 8,99 5,84 4,09 3,34

12 5,69 3,89 3,14
16 5,85 4,02 3,13

CologB75

Number of processors

BMWcra1

Cube 47

Name



Results for a criterion based on BEA 
level switching

Name 2 4 8 16 32 64

 OILPAN full 1D  7.28   3.81   2.19         1.56        1.21        1.14       
 OILPAN level 1   7.31         3.84         2.18         1.53        1.21        1.13       
 OILPAN level 2   7.85         3.83         2.15   1.41        1.21        1.02       
 OILPAN level 3   7.46         3.82         2.34         1.39  1.06        0.95       
 OILPAN level 4   7.33         3.86         2.31         1.48        1.14        0.98       
 OILPAN level 5   7.39         3.82         2.27         1.44        1.10        0.98       
 OILPAN level 6   7.35         3.93         2.28         1.51        1.04        0.88       
 OILPAN level 7   7.38         3.83         2.30         1.51        1.00  0.92       
 OILPAN level 8   7.40         4.08         2.29         1.51        1.16        0.94       
 OILPAN level 9   7.42         3.83         2.30         1.76        1.04        0.96       
 OILPAN level 10  7.41         3.82         2.30         1.54        1.12        0.91       
 OILPAN full 2D  8.49         3.95         2.32         1.55        1.10        0.87  



Matrix partitioning and mapping
Mapping (step 2): consists in a down-top mapping of 

the new elimination tree induced by a logical 
simulation of computations of the block solver

• Each time a block must be mapped onto a 
processor, the simulation uses the estimated times 
of factorization, of communication and of 
aggregation

• Aggregation is used to reduce the number of communications
• Good performances but memory overhead



1D distribution

2D distribution

• « 2D » to « 2D » communication scheme

• Dynamic technique is used to improve
« 1D » to « 1D/2D » communication scheme

Matrix partitioning and mapping



Matrix partitioning and mapping
• Simulation is based on BLAS and communication cost 

modeling for the target machine
• Network modeling takes into account two levels of 

communication (on SMP nodes):
� less costly data exchanges via shared memory
� most costly data exchanges performed by the network

• A block is mapped onto the candidate processor that is able 
to compute it at the soonest

���� Greedy approach
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Numerical experiments
• Factorization times obtained on the IBM SP2 at 

CINES (Montpellier-France) with 120 MHz 
Power2SC thin nodes (256 Mbytes) 

• Network based on a TB3 switch
• All computations were performed in double 

precision
• Test problems: regular 2D and 3D grid meshes ; 

Parasol, Boeing-Harwell and French CEA 
collections of irregular meshes



Results for Regular Meshes

Name Columns NNZA NNZL OPC Collection

GRID1023 1046529 4179980  5.615708e+07  2.083481e+10  Regular 2D Mesh 
CUBE47 103823 1290898  4.828456e+07  6.963850e+10  Regular 3D Mesh  

Name 2 4 8 16 32 BSF

GRID1023 1.43 1.50 1.75 2.20 2.64 3.31
CUBE47 0.51 0.71 0.92 1.80 2.46 1.35

1D/2D 2 4 8 16 32 64

GRID1023  - - 14.57 1.43 8.61 2.42 5.66 3.68 3.75 5.56
CUBE47  - 73.31 0.95 38.23 1.82 23.88 2.92 16.31 4.27 12.45 5.59



Results for Irregular Meshes (1) 

Name Columns NNZA NNZL OPC Collection

OILPAN 73752 1761718  8.912337e+06  2.984944e+09  Boeing-Harwell 
MIXTANK 29957 982542  9.280247e+06  7.316933e+09  PARASOL 

Name 2 4 8 16 32 BSF

OILPAN 0.20 0.21 0.22 0.24 0.30 0.88
MIXTANK 0.24 0.62 0.76 0.92 1.05 0.61

1D/2D 2 4 8 16 32 64

OILPAN  7.28 0.41 3.81 0.78 2.15 1.39 1.39 2.14 1.00 3.00 0.87 3.42
MIXTANK  17.32 0.42 10.02 0.73 5.91 1.24 3.90 1.87 3.23 2.27 3.17 2.31



Results for Irregular Meshes (2) 

Name Columns NNZA NNZL OPC Collection

BMWCRA1 148770 5247616  6.597301e+07  5.701988e+10  PARASOL 
SHIPSEC5 179860 4966618  5.649801e+07  6.952086e+10  PARASOL 

Name 2 4 8 16 32 BSF

BMWCRA1 0.19 0.27 0.52 0.82 0.97 2.59
SHIPSEC5 0.74 0.84 1.19 1.46 1.87 2.43

1D/2D 2 4 8 16 32 64

BMWCRA1  - - 30.97 1.84 17.28 3.30 9.89 5.76 6.94 8.21
SHIPSEC5  - 79.12 0.88 35.68 1.95 20.51 3.39 13.99 4.97 11.58 6.00



Cube 39x39x39 16 processors 



BMW3 16 processors



Scotch 3.4 / PaStiX 5.1 (LDLt)
compared with

MeTiS 4.0 / PSPASES 1.0.3 (LLt)

Name Columns NNZA NNZL(scotch) OPC(scotch)NNZL(MeTiS) OPC(MeTiS)

 B5TUER 162610 3873534  2.542e+07  1.531e+10  2.404e+07  1.237e+10 
 BMWCRA1 148770 5247616  6.597e+07  5.702e+10  6.981e+07  6.124e+10   
 MT1 97578 4827996  3.115e+07  2.109e+10  3.455e+07  2.269e+10   
 OILPAN 73752 1761718  8.912e+06  2.985e+09  9.065e+06  2.751e+09   
 QUER 59122 1403689  9.119e+06  3.281e+09  9.586e+06  3.448e+09   
 SHIP001 34920 2304655  1.428e+07  9.034e+09  1.481e+07  9.462e+09   
 SHIP003 121728 3982153  5.873e+07  8.008e+10  5.910e+07  7.587e+10   
 SHIPSEC5 179860 4966618  5.650e+07  6.952e+10  5.256e+07  5.509e+10   
 SHIPSEC8 114919 3269240  3.573e+07  3.684e+10  3.585e+07  3.715e+10   
 THREAD 29736 2220156  2.404e+07  3.884e+10  2.430e+07  3.583e+10   
 X104 108384 5029620  2.634e+07  1.713e+10  2.728e+07  1.412e+10   



Scotch 3.4 / PaStiX 5.1 (LDLt)
MeTiS 4.0 / PSPASES 1.0.3 (LLt)

Name 2 4 8 16 32 64
 B5TUER 29.54 (0.52) 15.52 (0.99) 8.86 (1.73) 5.25 (2.91) 3.96 (3.87) 2.91 (5.25) 

14.04 (0.88) 7.32 (1.69) 3.91 (3.16) 2.58 (4.79) 

 BMWCRA1 30.97 (1.84) 17.28 (3.30) 9.89 (5.76) 6.94 (8.21) 
24.87 (2.49) 13.48 (4.61) 

 MT1 37.92 (0.56) 20.35 (1.04) 11.29 (1.87) 6.65 (3.17) 4.33 (4.87) 3.51 (6.01) 
10.71 (2.12) 5.70 (3.98) 3.59 (6.32) 

 OILPAN 7.28 (0.41) 3.81 (0.78) 2.15 (1.39) 1.39 (2.14) 1.00 (3.00) 0.87 (3.42) 
5.23 (0.53) 2.79 (0.99) 1.73 (1.59) 1.25 (2.20) 0.93 (2.96) 

 QUER 8.35 (0.39) 4.46 (0.74) 2.57 (1.28) 1.67 (1.96) 1.16 (2.83) 0.93 (3.53) 
23.80 (0.14) 13.11 (0.26) 3.22 (1.07) 2.01 (1.72) 1.30 (2.65) 0.96 (3.59) 

 SHIP001 20.98 (0.43) 10.91 (0.83) 6.07 (1.49) 3.63 (2.49) 2.43 (3.72) 1.96 (4.60) 
15.32 (0.62) 8.11 (1.17) 4.48 (2.11) 2.98 (3.17) 2.14 (4.42) 

 SHIP003 109.78 (0.73) 45.83 (1.75) 25.75 (3.11) 16.60 (4.83) 12.03 (6.66) 
21.28 (3.57) 14.08 (5.39) 

 SHIPSEC5 79.12 (0.88) 35.68 (1.95) 20.51 (3.39) 13.99 (4.97) 11.58 (6.00) 
21.80 (2.52) 11.81 (4.66) 

 SHIPSEC8 43.40 (0.85) 24.83 (1.48) 15.40 (2.39) 11.39 (3.23) 9.52 (3.87) 
19.24 (2.13) 12.68 (3.32) 5.89 (7.18) 

 THREAD 78.04 (0.50) 41.14 (0.94) 22.85 (1.70) 13.50 (2.88) 10.42 (3.73) 6.70 (5.80) 
21.02 (1.70) 11.24 (3.19) 6.41 (5.59) 

 X104 31.53 (0.54) 19.69 (0.87) 9.98 (1.72) 7.49 (2.29) 5.09 (3.37) 3.85 (4.44) 
8.32 (1.70) 4.92 (2.87) 3.18 (4.44) 
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Numerical experiments (SP3)
• Factorization times obtained on the IBM SP3 at 

CINES (Montpellier-France) with 28 NH2 nodes 
(16 power3, 1.5 Gflops, 16 Go)

• Network based on a Colony switch
• All computations were performed in double 

precision
• Test problems: regular 2D and 3D grid meshes ; 

Parasol, Boeing-Harwell and French CEA 
collections of irregular meshes
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Numerical experiments (TERA)

• TERA supercomputer of CEA Ile-de-France (DIF): 
processors EV68 833Mhz 1,66 Gflops with 1 Gbytes
per proc. and Quadrics network
(ES40 SMP 4 procs)



Description

1.5183e+102621555150208167363150COLOGB75

2.0897e+12321282900053044831768161336000COUPOLE8000

1.3099e+12202691600033154831105161210000COUPOLE5000

5.0092e+11758621313132648344216184000COUPOLE2000

3.7984e+1157812202999498333166163000COUPOLE1500

OPCNNZColsNodesEltsMatrices



Assembly time (Factorization time)

-0.6
(0.8)

1.1
(1.1)

1.7
(1.6)

2.5
(2.4)

COLOGB75

17
(21)

33
(40)

60
(72)

--COUPOLE8000

-24
(28)

40
(60)

--COUPOLE5000

-8.6
(10)

14
(19)

27
(36)

-COUPOLE2000

-5.7
(7.5)

10.3
(14.1)

19.4
(27.5)

42.9
(58.7)

COUPOLE1500

1286432168Matrices

98 GFlops / 46% peak perf.



Numerical experiments (TERA)
• New TERA supercomputer of CEA Ile-de-France 

(ES45 SMP 4 procs)
• COUPOLE40000 : 

26.5 106 of unknowns 
1.5 1010 NNZL and 10.8Tflops

• 356 procs: 34s

• 512 procs: 27s

• 768 procs: 20s 

(>500Gflop/s about 35% peak perf.)



Summary

• Introduction

• Ordering and block symbolic factorization
• Parallel factorization algorithm

• Block partitioning and mapping
• Numerical results

• Memory aspects
• Industrial applications

• Work in progress
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Memory overhead due to parallelism

• With our approach, the overhead is due to total 
aggregation of contributions

• Depends on matrices, but often more expensive than 
the distributed part of the matrix

Matrices 16 32 64 128

CUBE47 103.7 233.5 332.8 344.9
BMWCRA1 9.1 23.2 41.4 55.0

% AUB memory/ coefficients memory



Partial Aggregation

• Aims at reducing the memory overcost due to the 
aggregations

• Additional step at the end of the pre-processing step 
by using a given memory upper bound

���� Anticipated emission of partial aggregated blocks
• Modification of the initial static communication 

scheme computed on each processor
���� The knowledge of the sequence access to AUBs 

allow to chose those will be use again the latest in 
the factorization



BMWCRA1  32 processors
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Numerical Experiments

• AUDI matrix (collection PARASOL)
N=943.10 3 ; NNZL=1,21.109 ; 5,3 TFlops

• Difficult 3D problem: large volume of data 
exchange

• Can’t be factorized with our solver on 64 
processors (SP3) without partial aggregation

• Factorized in 188s on 64 processors with 50% of 
memory reduction (about 28 Gflop/s)
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Preliminary studies for OOC

• « Out of Core » technique consists in working only on data 
that are useful for the current computation

• Useful technique only if data prefetch is available
• Manage IO disk / computation overlap
• 1D distribution is more suitable for OOC:
� Prefetch unit = column-block
• Our static scheduling approach allow to anticipated IO disk 

precisely (AUB or column-blocs)
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OOC: CUBE47 on 32 processors
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Out-of-Core: IO disk volume

Matrices Max without

 CUBE47        46,1 38,3 12,1 19,1 74,3 9,6 139,5 3,8 379,3
 SHIPSEC5      34,6 24,1 14,1 12 106,17 6 372,3 2,4 442,5
 SHIP003       34,9 23 14,7 11,5 100,5 5,8 407,1 2,3 557,4
 BMWCRA1       27,1 12,2 16,5 6,1 235,5 3,05 364,6 1,2 472,6
 COUP2000T     207,3 24,5 172,2 12,3 873,3 6,1 3175,4 2,5 4312,1
 COUP3000T     298,7 29,7 258,3 14,9 2226,7 7,4 3592,8 3 6264,4
 INLINE        63,4 22,5 47,4 11,3 236,7 5,65 525,4 2,2 725,6
 AUDI          622,8 367,3 303,5 183,8 4070,1 91,9 10165,1 36,73 14756,5

25% 5%Max with OOC 50%

IO volume



CUBE95 on 4 processors (max 2.34E+09)

IO NumberIO Volume



CUBE95 on 8 processors (max 1.50E+09)

IO NumberIO Volume



CUBE95 on 16 processors (max 1.08E+09)

IO NumberIO Volume



Preliminary studies for OOC

• Given a memory upper-bound and data access scheme we 
can choose the best AUBs or column-blocks to swap on disk

� Impact of the ordering: nested dissection is not really suitable
for OOC

� Factorization time is given by the capability to read/write IO 
disk volume

� Hardware constraints on SMP: 1 disk for many processors



Summary

• Introduction

• Ordering and block symbolic factorization
• Parallel factorization algorithm

• Block partitioning and mapping
• Numerical results

• Memory aspects
• Industrial applications

• Work in progress



Applications

• OSSAU code of French CEA/CESTA
• 2D / 3D structural mechanics code

• ARLAS code of French CEA/CESTA
• Electro-magnetism code 

(Finite Element Meth. + Integral Equation)

• Complex double precision, Schur Compl.

• Fluid mechanics
• LU factorization with static pivoting 

(SuperLU approach like)



SCOTCH

PaStiX



Summary

• Introduction

• Ordering and block symbolic factorization
• Parallel factorization algorithm

• Block partitioning and mapping
• Numerical results

• Memory aspects
• Industrial applications

• Work in progress



Current work on ordering

• Find the optimal threshold to shift between 
the Nested Dissection and the Approximate 
Minimum Degree

• AMD ® Minimum Fill
• On-going work on PT-Scotch



MPI/Thread for SMP implementation 
• Mapping by processor

Static scheduling by processor

• Each processor owns its local part of 
the matrix (private user space)

• Message passing (MPI or 
MPI_shared_memory) between any 
processors

• Aggregation of contributions is done 
per processor

• Data coherency insured by MPI 
semantic

• Mapping by SMP node
Static scheduling by thread

• All the processors on a same SMP 
node share a local part of the matrix 
(shared user space)

• Message passing (MPI) between 
processors on different SMP nodes

Direct access to shared memory 
(pthread) between processors on a 
same SMP node

• Aggregation of contributions is done 
per node

• Data coherency insured by explicit 
mutex
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AUB AUB

AUB AUB

MPI SHM

MPI SHM

P3

MPI
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Numerical experiments (SP3)

• Factorization times obtained on the IBM SP3 at 
LaBRI (Bordeaux-France) with 6 WH2 nodes 
(4 power3, 1.5 Gflops, 2 Go)

• Network based on a Giga-Ethernet switch

• All computations were performed in double 
precision

• BMWCRA1 test problem: medium size problem
from Parasol collection

Name Columns NNZA NNZL(scotch) OPC(scotch)NNZL(MeTIS) OPC(MeTIS)

 BMWCRA1 148770 5247616  6.597e+07  5.702e+10  6.981e+07  6.124e+10   



BMWCRA1

6,08%4,92s416

14,14%4,96s226

40,66%9,00s146

7,63s414

7,86s224

10,12s144

0,38%12,54s412

3,31%14,07s222

12,34%15,07s142

Avg. Mem. Over.Facto. TimeThread/MPIMPI/NodeNode



Ongoing work 
Toward a compromise 

between memory saving and 
numerical robustness 

� Evolution toward a hybrid 
iterative-direct block solver

• PaStiX will be used as a 
block ILU(k) preconditioner 
for a block iterative solver 

• NSF/INRIA Collaboration 
(Y. Saad)



Application to preconditioning 
(joint work with Y. Saad)

A : 
balanced separator partition

+
nested dissection ordering

{ } ���� 5/==�

���� G=" �5

{ } ��� 5/=G=P

( )��� 5=

*5' P�	 )) *5'*5' P=P �	�	

P

bloc symbolic
factorization

sufficient conditions
on

BSL : block data structure for
L according to P

refined partition

refinement



Theoretical results

if      is based on a       separator theorem, 

if        grows as         , 

S

the number of edges in                   is              if
= number of blocks for L 

if      is not « too small » we can compute 
(possibly in parallel) BSL efficiently

then

s
 /6$/ <£ s

�G
q

�� /2 ££q

)*5' P�	 *' �O sq $/6->

q

}
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Incomplete Cholesky preconditioner

• Criteria to compute from BSL the block data 
structure for a preconditioner based on an 
« incomplete Cholesky factorization »

• For each block of BSL, we can compute « in quasi 
time » :

• the level-of-fill during elimination
• the number of updates during factorization
• …

• and we can combine several criteria to compute the 
block data structure for the incomplete Cholesky 
factor

*' �O



Level-of-fill metric (1)

• Measures how fill 
blocks are created

• Larger values mean 
less significant 
contributions



Level-of-fill metric (2)

• Fill rates for a 47x47x47 3D mesh

10038.1100£ 15

…………

58.531.683.2£ 6

45.128.775.4£ 5

31.525.266.1£ 4

19.020.954.9£ 3

7.6114.638.4£ 2

2.339.0223.7£ 1

0.293.539.28£ 0

% OPCL´ NNZA% NNZLLevel of fill



Incoming contributions metric

• Measures how 
off-diagonal blocks 
(fill or not) are updated

• Larger values mean 
more contributions



Mixing metrics into strategies
• For instance, keep blocks if fill £ 2 (red) or number of incoming 

contributions ³ 80 % of maximum number (green)
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� Description of the EMILIO Software Processing Chain and Application to 
Structural Mechanics. In Actes of PMAA’2K, Neuchâtel, Suisse, August 
2000. D. Goudin, P. Hénon, F.Pellegrini, P. Ramet, J. Roman et J.-J. Pesqué

• Congrès nationaux avec comité de sélection et avec actes:
� PaStiX: Un solveur parallèle direct pour des matrices creuses symétriques 

définies positives basé sur un ordonnancement statique performant et sur 
une gestion mémoire efficace. RenPar’2001. Paris, avril 2001.
P. Hénon, P. Ramet

� Optimisation de l’occupation mémoire pour un solveur parallèle creux direct 
hautes performances de type supernodal. RenPar’2002. Hammamet, 
Tunisie avril 2002. P. Hénon, P. Ramet


