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Grobner bases.

Xn — X1,L2,--.,Ln
Graded lexicographic order in C[X,,]
Example 1

P =22} x0—21 To :1:%4—:133—33:2 x% , LM(P) = z5 z,

Definition 2 A set G = {¢1,...,9m} C I is a
Grobner basis if:

VPel, 3gi€G | LM(g)|LM(P).

Proposition 3 Let {g1,...,9m} be a Grébner ba-
sis of I. Then

B={XP /Vi, LM(g;) | XP}

is a basis of the quotient C[X,]/I.




Proof.

e Spanning set:
We prove that every monomial X3 ¢ B may be

rewritten (modulo 7) with smaller monomials.

di, X7 = X, LM(g;)
X3 = X7 (LM(9:)— i) +X,) 9i
= X, (LM(g;)—g:) 1]

e Independent set:
If 3(ap) such that

Zapr;
ZO‘IDXTIL)

LM() ap XP)




Syzygies

F ={fi1, fo} with
fi=x} +2x125 + x5 and fo = x170 — T3
S(f1, f2) = x2 f1— ZL‘% fo
= xo(z3 + 2z125 + 5)

—zi (2122 — 23)
221T5 + Ty — T1TH
—ziz3 + 2375 + T4
—x3xs + 22175 + T4
+x1T2(x1T2 — x%)

3 4
T1Ty + Ty

3, .4 .2 2
T1x5 + To — x5 (T122 — T3)

4
21,

S(flan)F




Buchberger’s criterion

Theorem 4 A set G =1{91,-..,9m} is a Grobner
basis if and only if

C

Proposition 5 If f and g have disjoint leading

monomaials then

{f.q9} _

S(f,9) 0.




S, : symmetric group
group of permutations of {1,...,n}.

S, = n!

Classical action of S,, on Clzq, ..., z,]

o.P(x1,...,2n) = P(Xy.0) = P(Ts(1)s -+ Ton))-

P € C[X,,] is symmetric iff

Vo eS§,, o.P=P.

Sym,, : space of symmetric polynomials.




2 2 2
T+ T3 + x3

T1To + T1XT3 + T2X3

2 2 2
1+ T1T2 + T1T3 + Ty + T2x3 + T3

Definition 6 Harmonic polynomials :

H, = {PcC[X,]/Vk>0,er(d)P =0}
C[Xn]/(ex. k > 0).

Theorem 7 (Artin)

dimH,, = n!.




Tr1+ X9 + T3 + T4

x1 h1(X4) + ho(zso, 3, T4)
ha(x2,x3,74)

r1 ho(X4) + hs(z2,x3,24)
ha(x2,23,24)

xo hao(xo, T3, T4) + ha(xs3, x4)
hz(x3, T4)

z1 hg(Xy) + ha(x2, 23, 24)

ha(z2,x3,T4)

r2 h3(z2, 23, 24) + h3(x3, 74)

ha(zs,x4)
3 h3(r3, T4) + ha(z4)
h4(£€4)




Leading Monomials: z1, 73,3, 3.

In general: z1,x3,...,2".
This is a Grobner basis of (e, k > 0).

We get a basis of the quotient :

(Artin monomials)

Corollary 8 Hilbert series:
Fy(H,) = ) ¢"dimm(H,)
k




Quasi-symmetrizing action of S,,:
Example 9 n =5

(1,4) o (] zg 25)

(1,4) o {561,53275135}(2’1’1)

2,1,1
{ZC4,Q?2,£U5}(< )

{:E27 L4, 5135}(2’1’1)

T5 T4 T

Invariants: Qsym,, O Sym,

3Ty + xizs + roxs € QSyms\Syms.
2,1,01+{2,0,1]+{0,2,1]




Definition 10 o = (aq,...,q;) a composition of
la| =k >0,

— a1 07
Ma(Xn) — E : iy &y,
0<t1<--- <1y <n

Fo(Xn) =) Mg(Xny).
Bra

Example 11 n=3,a=(1,2) :

xlxg + xlx?), + argx?), + X1X9x3

Example 12
F30) = M3,2) + M(1,2,2) + M2,1,2) + M1,1,1,2)

+M@z,1,1) + Ma21,0) + M1, + Mai,,)-




Super-harmonic polynomials

T, = (Fy, |a| > 0).

Definition 13 We define

Qn — (C[Xn]/zna

and the super-harmonic space

SH,, = {P € C[X,,] / V|a| > 0, M, (8)P = 0}.

Remark 14

Sym, C QSym, — SH, C H,,.




Catalan numbers
Catalan numbers
c — 1 <2n)
n+1\n

count (among other things !) Dyck paths.

Example 15 n =3, C3=5
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Theorem 16 (Aval, Bergeron, Bergeron)

The dimension of the super-harmonic space s

1 2n
dim SH,, = dim @,, = C,, = :
im im @) n—l—l( )




Coding vectors in N® by plane paths

Example 17 For n = 6, we associate to

e=(2,1,0,3,0,1)

the path P.:




e=(0,1,1,0,2,1)

Transdiagonal path:

e=(0,1,2,1,0,2)




Theorem 18 The set of monomzials

{X7 / n Dyck}

18 a basis for @,,.




Example 19 (n = 3)

r1+ T2+ T3
2 2 2
] +T1T2 + T1T3 + 5 + TaT3 + T3
= z1(x1 + T2 + x3) + T3 + T2x3 + T3
— .2 2
= x5 + a3 + T3
_ 2 2 2
T1T5 + T1T2x3 + T1T3 + T2X3
= x1(23 + T273 + x3) + T2T3
= 33233%

= 21 F5 (21,22, 23) + F3(z2,23)

— 3 2 2 3
TH + X503 + ToT3 + T3

To (15 + T2T3 + T3) + T3

T3




The monomials which are not multiple of one of

the {z1,x3, To73, 23} are:

1




Proof.

Construction of a Grobner basis of Z,,

We construct a set of polynomials
G = {G. € Q| X,] ; € transdiagonal} C SZ,
by induction on the length of e:
e if ¢ = a0*, then G, = F, ;

e otherwise, we look at the rightmost zero:

e = n0aB0™ = n0ap,

and we set (for 0 in place k):

Ge = Ghap — 2kGn(a—1)5-







Example 20

G1020 G12OO — X2 GllOO

Fia(z1, T2, 23, 24) — 2 F11 (21, 22, T3, T4)
= z1T0° + $13332 + z124° + 5132$32 + o2y
+ x3x42 + T1xox3 + T1X2T4 + T1T3T4
+ Tox3x4 — To(T1T2 + X123 + T124

+ LoX3 + XoXk4 + 333334)

2 2 2 2
= T1X3" + X1T3X4 + T1XT4" — T2 X3 — X9 T4
2

2 2
‘|—£132£E3 —|—5132£C4 +£I?3334




With the two properties:
o LM(G.) = X}

e G is a Grobner basis of Z,, = (Fy, |a| > 0)

we prove the Theorem.




Hilbert series

SH®) = 7, (SH,,).

Let CS denote the number of Dyck paths of length
2n with exactly k steps down at the end.

A Dyck path of length 20 with 3 final down steps.

Theorem 21

dim SH®) = ¢(r=k),




Example 22 For n = 7, the path

is associated to the monomial z3z4x2 of degree
4="7-3.




Fi(t)
1

1+1

1+ 2t + 2t2

1 + 3t + 5t% + 5¢t3

1 + 4t + 9t? + 14¢> + 14¢*

1 + 5t + 142 + 28¢3 + 42t + 42¢°

1 + 6t + 20t? + 48t> + 90t* + 132¢> + 132¢°

N | O | o W NS




Definition 23
Gn,m © generalized symmetric group
= Cn 1Sy
: group of matrices of pseudo-permutations

whose non-zero entries are m-th roots of unity.

Example 24

Yy

Remark 25 § G, ,», = m"™n!

B,, = G2 : hyperoctahedral group
: group of signed permutations.

Sn — Gn,l




Action of Gy, , on C|X,,] :

127

Example 26 m =3, j=e 3, n=23

(xfx0) = 5% 71 25.

Definition 27 Invariants :

Peclnvyym & VgeGum, g.P=P.

Proposition 28

P ¢ Inv,,, < 3Q € Sym, / P(X,)




Proof.

<: clear

=

o S, CGpm =P ecSym

e p=(p1,...,pn) With m/ p,

1 ... 53—1 3 7+4+1

9j = . L
1 ... 7—1 (5 j7+1

1 2 m—1
P:%(Id+gj+gj+-“+9j ) P

contains no XP.




Definition 29 Covariant polynomials:

Covpm=1P € C[X,] / Vk >0, ex(0X,') P =0}
~C[X,]/({ex (X)), k> 0).

Remark 30 Cov, 1 = H,.

Theorem 31 (Chevalley)

dim Covym =t Gpm = m" nl.




Lemma 32 Let I be an ideal of C[X,,]

m=(P(X™), Pel.
G=1{01(Xn),-..,9x(Xn)} BdG of I

Y
Gm = {gi(X™),...,9(X™} BdG of I"™.

Proof. Application of Buchberger’s criterion :
I£vi#j, S(gi,9) =0,

~m

then S(g:(Xg), ;X)) = 0.




LM in <€k;, k>0> :

2 3
5131, .CC2, .CC3,...7 xz,.

LM in (ex(X™), k> 0) :

N L UL
We get a basis of the quotient:
{X?i , 0<¢ < zm}

Corollary 33

Fq(Covn,m) (14+qg+--- ‘|‘qm_1)qu(Hn)

[m — 1g[nl]gm




Quasi-symmetrizing action of Gy, ,, on C[X,] :

ge A% = w(g)™(Alg)<"

21

Example 34 m=3,j=e3 ,n=23




Definition 35 (uasi-invariants:

PeQInvy,m © VgeGum, go P =P.

Proposition 36

P e QInv,,m < 3Q € QSym,, / P(X,) = Q(X

Example 37

2 2 2
Mg,l(X_?,) XLy X2 +331 I3 +332 I3

QSyms

2 4.2, 4.2 4 2
Ms,1(X3) T1 Ty + L1 T3+ Ty T3

QITL'U:;,Q




Definition 38 Super-covariants:

SCovpm={P€C|X,]/V|a| >0, M,(0X,')P=0}
~ClXn]/(Ma(X77), |af > 0).

Theorem 39

dim SCovy, 1, = m"™ C,.

Theorem 40 The set of monomzals

{(Xn)™"7/ n Dyck, 0 < a; <m}

is a basis of C[X,]/(My(X"), |a| > 0).




LM in (M,, |a| > 0) :

X, , € transdiagonal

LM in (M (X™), |a| > 0) :

X, , € transdiagonal

We get a basis of the quotient.




Group Sn Gn,m

Invariants Sym., Invy, m
Covariants dimH,, = n! dim Covy, y, = m"™ n!
Quasi-invariants QSym, QInv, m

Super-covariants | dim SH,, = C,, | dim SCov, s, = m"™ C,




