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Grobner bases.

X, =T1,T2,...,Tn
Graded lexicographic order in C|X,,]

Example:

P =213 x9—21 2o x%—l—az%—BxQ x% , LM(P) = T3 T

Definition: A set G={g1,...,9m} C I isa Grobner
basis if:

vPel, 3g:€G / LM(g:)|LM(P).

Buchberger’s criterion

A set G = {g1,...,9m} is a Grobner basis if and
only if

G

Vi #j, S(gi.g;) =0.




Lemma

Let {g1,...,9m} be a Grobner basis of I. Then
B={Xy /Vi, LM(g:) | X3}

is a basis of the quotient C[X,]/I.



Syzygies

F — {fl; fg} Wlth
fi=x} +2x125 + x5 and fo = z170 — T2

S(fi,f2) = xafi—xif
= xo(z3 + 2z125 + 5)

—:C% (x122 — IE%)

_ 3 4 2,.2
= 2x125 + 5 — T1T5

2,2 3 4
= —x1T5 +2T175 + Ty

2,2 3 4
—xi{x5 + 2125 + T4

+x122(T120 — T3)
= xlx‘;’ + :E%
T1T5 + x5 — x5 (1T — T3)
= 275

— S(f17f2

)F



a = (a,...,q;) a composition, we define

— a1 (07
Ma(Xn) — E : LTiy =&y
0<i1 <<y <n

Fo(Xn) =)  Ms(Xy).
Bra

Example: n =3,a=(1,2) :

M, = z175 + 2173 + 275
Fo = Ma,2) + Maa,)

= xlxg + :13133;23 + ngg + 12223

F30) = M3,2) + M(1,2,2) + M2,1,2) + M1,1,1,2)

+Mz,1,1) + Ma2,1,1) + Mg,1,1,0) + Ma,1,1,1,1)-



Coding vectors in N™ by plane paths

3

rirorize +— €= (2,1,0,3,0,1) +—
1L224

Dyck path: L=

Transdiagonal path: [~

Theorem [Aval, Bergeron, Bergeron]:
The leading monomials of a Grobner basis of (QSym,,)
are:

{Xs / € transdiagonal}.



Definitions

Gn,m © generalized symmetric group
: group of matrices of pseudo-permutations

whose non-zero entries are m-th roots of unity.
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Let ( =em .

(0 —i 00 0 )
0 0 0 1 0
1 0 00 0 |€Gsa
0 0 i 0 0

\ 0o 0 00 -1

8t Gpom = m"™n!

B,, = G2 : hyperoctahedral group
: group of signed permutations.

Sn = Gn1: symmetric group



Classical action of G,,,,, on C|X,,]
9-P(Xy) = P(Xyn.9)
Example: m =3, n=3

0
0 (xfzo) = Py 23
¢

o O =
S Iy O



Invariants

Peclnvyym & VgeGum, g.P=P.

Remark : Inv,; = Sym, : symmetric functions.

Characterization:

P e Inv,,, < 3Q € Sym,, /| P(X,) = Q(X,").

n

Proof.

<: clear

=

o S, CGnm=PecSym,
op:(ql,...,pn)withm)(pj

1 ... 9—=1 35 741 ... n
1 ... 7—1 ¢35 7+1 ... n

9j =

1 2 m—1

contains no XP.



A Grobner basis for Sym,, (m = 1)

hi(Xy4) = x4+ 22+ 23+ 24

hao(X4) = x1h1(Xy4) + ho(xo, 23, 24)
=  ho(xze, T3, T4)

h3(X4) = x1ho(Xy)+ hs(xo, x3,24)

h’3 (5627 xs3, CE4)

= 9 ha(z2, z3,24) + h3(z3,24)

ha(xs, z4)
h4(X4) = s = h4(£134)

Leading Monomials: z,z3,z3, 3.
In general: z1,73,...,2".

This is a Grobner basis of (Sym.,).



Useful lemma

Let I be an ideal of C[X,,]
Im=(P(X™), Pel).

n

G =1{91(X,),...,9x(X,)} a Grobner basis of I

Y
G™ =1{g1(X™),...,gx(X™} a Grobner basis of I™.



Proof.

Application of Buchberger’s criterion :

~m

then S(g;(X7"), 9;(X7))” =0.

Example:

2 9

g1 = T1T2 + X1X3 + T2x3, g2 = T5 + T3,
_ 2 3
gs = X253 + X3

2 2
S(g1 ,92 ) = X291 —T1g2 = T1T2T3 + T5x3 — T1T5

2 2
T1T2T3 + X5 T3 — T1T3 — T39G1

CC% L3 — CE‘% i)

2 2
Lo X3 — Tz T2 — T3G2

2 3
—ToZ3 — X3 = —(3 0



A Grobner basis for Inv,,,

A Grobner basis when m =1 is
{hk(ZEk, e ooy :cn)}

and the Leading Monomials are :

2 3 n
5131, 5132, .7;3,..., xn.

A Grobner basis for m € N is
{h(zg', ... 20")}

and the Leading Monomials are

m 2m 3m nm
1, o , g 4,..., T .



Coinvariant polynomials

Qn,m = ClXn]/(Invp,m)
We get a basis of this quotient:

{X; / 0<¢ <im}.

Theorem [Chevalley]:

dimQnm =§Gnm =m"nl.

Corollary: Hilbert series

FQ(Qn,m) — [m]g[”!]qm



ge A% = w(g) ™ (Alg)"
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Example: m=3,(=¢3 ,n=3

0O 1 O
0 0 ¢ | (252
c 00

~ - (2,1)
0 1 O
= (' |(z,z2). | 0 0 1
1 0 O
- - <



PeQInvym © VgeGnm, go P =P.

Remark: QInv, 1 = QSym, [Hivert]
(Quasi-symmetric polynomials)

Characterization

P e QInv,,m & 3Q € QSym, / P(X,) = Q(X,).

n



SQnm = C|X,,|/{(QInv, m).

Theorem:

dim SQp m = m" C),.

Theorem: The set of monomials
{(Xp,)™" ) n Dyck, 0 < a; < m}

is a basis of SQp m.



A Grobner basis for ()Inv, ,

LM in (M,, |a| > 0) :

X, , € transdiagonal

LM in (M, (X™), |a| > 0) :

X, , € transdiagonal



